Given a deterministic, non-blocking hybrid system, we introduce the notion of its hybrid manifold (or hybrifold) with the associated hybrid ow on it. This enables us to study hybrid systems as (generally non-smooth) dynamical systems from a global geometric perspective. We introduce the notion of topological conjugacy of hybrid systems and locally classify Zeno states in dimension two. We show that the Zeno phenomenon is due to nonsmoothness of the hybrid ow and propose several ways of detecting and removing it. A Lyapunov stability result, capturing examples such as unstable + unstable = stable, concludes the paper.
Introduction
In this paper we present a unifying approach for treatment of hybrid systems. We dene the notions of the hybrid manifold (or hybrifold) and hybrid ow, which enable us to study the hybrid system \in one piece", that is, as a single, generally non-smooth dynamical system. It is well known that even simple smooth dynamical systems can exibit very complicated behavior which makes their global study very dicult using analytical methods. This is why developing qualitative (i.e. geometric and topological) techniques has been at the center of smooth dynamics, ever since Poincar e's foundational work at the end of the last century.
Having established a reasonable framework for the geometric study of hybrid systems as dynamical systems, we focus particularly on the Zeno phenomenon, which does not occur in smooth dynamical systems. We study its causes, ways of removing it from the system, and classify it in dimension two. This classication is with respect to the notion of topological conjugacy borrowed from dynamical systems: two systems are conjugate if they are qualitatively the same.
The last section of the paper deals with Lyapunov stability of isolated hybrid equilibria. We prove a theorem which explains examples in which a stable hybrid equilibrium is composed of unstable classical equilibria.
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We begin with the following, relatively standard denition of a hybrid system. Denition 2.1 An n-dimensional hybrid system is a 6-tuple H = (Q; E; D; X;G;R);
where: Q = f1; : : : ; kg is the collection of (discrete) states of H, where k 1 is an integer; E Q Q is the collection of edges; D = fD i : i 2 Qg is the collection of domains of H, where D i fig R n for all i 2 Q; X = fX i : i 2 Qg is the collection of vector elds such that X i is Lipschitz on D i , for all i 2 Q; G = fG(e) : e 2 Eg is the collection of guards, where for each e = (i; j) 2 E, G(e) D i ; R = fR e : e 2 Eg is the collection of resets, where for each e = (i; j) 2 E, R e is a relation between elements of G(e) and elements of D j , i.e. R e G(e) D j . Remarks (a) If a reset relation R e is actually a map G(e) ! D j , with e = (i; j) 2 E, instead of (x; y) 2 R e we write y = R e (x).
(b) Observe that domains D i lie in distinct copies of R n . We also set D = S i2Q D i ; the total domain of H, and G = S e2E G(e); R = S e2E R e (G(e)); G = fG(e) : e 2 Eg; R = fR e (G(e)) : e 2 Eg:
(c) Note that we do not specify the set of initial conditions; in our setting this is the whole space, i.e. the total domain D.
Given H, the basic idea is that starting from a point in some domain D i , we ow according to X i until (and if) we reach some guard G(i; j), then switch via the reset R (i;j) , continue owing in D j according to X j and so on.
Example 1: Water Tank WT. Here n = 2, k = 2, E = f(1; 2); (2; 1)g, D 1 = f1gC; D 2 = f2g C; where C = [l 1 ; 1)[l 2 ; 1), X 1 = (w v 1 ; v 2 ) T ; X 2 = ( v 1 ; w v 2 ) T ; G(1; 2) = f(x 1 ; x 2 ) : x 2 = l 2 g; G(2; 1) = f(x 1 ; x 2 ) : x 1 = l 1 g; and R (1;2) (1; x 1 ; l 2 ) = (2; x 1 ; ; l 2 ); R (2;1) (2; l 1 ; x 2 ) = (1; l 1 ; x 2 ): For later purposes we will assume that max(v 1 ; v 2 ) < w < v 1 + v 2 .
The interpretation is as follows (cf. Fig. 1 ). For i 2 Q, x i denotes the volume of water in tank i, v i is the constant rate of ow of water out of tank i, and l i is the desired volume of water in tank i. The constant rate of water ow into the system, dedicated exclusively to one tank at a time, is denoted by w. The control task is to keep the water volume above l 1 and l 2 (assuming the initial volumes are above l 1 and l 2 respectively) by a strategy that switches the inow to the rst tank whenever x 1 = l 1 and to the second tank whenever x 2 = l 2 .
Example 2: Bouncing Ball BB. This is a simplied model of an elastic ball that is bouncing and losing a fraction of its energy with each bounce. We denote by x 1 its altitude and by x 2 its vertical speed. Here n = 2, k = 1, E = f(1; 1)g, D 1 = f(x 1 ; x 2 ) : x 1 0g; X 1 (x 1 ; x 2 ) = (x 2 ; g) T ; G(1; 1) = f(0; x 2 ) : x 2 0g; R (1;1) (0; x 2 ) = (0; cx 2 ); where g is the acceleration due to gravity and 0 < c < 1 (cf. Fig. 2 ).
Example 3: Bouncing m-Ball BB(m). The only dierence between this and the previous example is that we have m dierent domains in which the ball can bounce and after each bounce the ball switches to the next domain in a cyclic order. That is, n = 2, k = m > 1, E = f(1; 2); (2; 3); : : : ; (m 1; m); (m; 1)g, and for all i 2 Q, D i = figf(x 1 ; x 2 ) : x 1 0g; G(i; i+1) = figf(0; x 2 ) : x 2 0g; R (i;i+1) (i; 0; x 2 ) = (i + 1; 0; cx 2 ); where we conveniently identify m + 1 := 1. (where i; j = 1; 2, i 6 = j), we obtain the standard 2-torus with a smooth ow with slope on it. This is a baby-version of a construction we will later apply to more general hybrid systems.
Keeping in mind the examples above, we formally dene the notion of an execution of a hybrid system (cf. [LJSE] We will say that is a prex of an execution 0 = fI 0 j g N 0 j=0 if N N 0 (where the inequality is taken in the extened real number system), and for 0 j < N, we have I j = I 0 j ; furthermore, if has nite size, then we must also have I N I 0 N . Denition 2.3 An execution (or forward execution) of a hybrid system H is a triple = (; q; x), where is a hybrid time trajectory, q : hi ! Q is a map, and x = fx j : j 2 hig is a collection of C 1 maps such that x j : I j ! D q(j) and for all t 2 I j , _ x j (t) = X q(j) (x j (t)):
Furthermore, for all j 2 hi, we have (q(j); q(j + 1)) 2 E; x j ( 0 j ) 2 G(q(j); q(j + 1)); and (x j ( 0 j ); x j+1 ( j+1 )) 2 R (q(j);q(j+1)) : For an execution = (; q; x), denote by 1 () its execution time: 1 () = The last statement means that there exists no other execution 0 = ( 0 ; q 0 ; x 0 ) such that is a strict prex of 0 and x = x 0 on (in the sense that x j = x 0 j on I j for all j 2 hi).
Note that in Examples 1 (WT), 2 (BB) and 3 (BB(m)) every execution is Zeno. The same can be shown for Example 4, S2(), if 0 < < 1. On the other hand, every execution in Example 5 (T 2 ()) has innite execution time.
We say that an execution = (; q; x) starts at a point p 2 D if p = x 0 ( 0 ) and 0 = 0. It passes through p if p = x j (t) for some j 2 hi, t 2 I j , t > 0 .
Given p 2 D, it is not dicult to see that there are many ways in which a hybrid system can accept several executions starting from or passing through p. For instance, this happens if at least one of the resets is a relation which is not a function.
Denition 2.5 A hybrid system is called deterministic if for every p 2 D there exists at most one maximal execution starting from p. It is called non-blocking if for every p 2 D there is at least one innite execution starting from p.
Necessary and sucient conditions for a hybrid system to be deterministic and non-blocking can be found in [LJSE] . Roughly speaking, resets have to be functions, guards mutually disjoint and whenever a continuous time trajectory of one of the vector elds in X is about to exit the domain in which it lies, it has to hit a guard.
Standing assumptions
From now on we will assume that every hybrid system H = (Q; E; D; X; G;R) in this paper satises the following assumptions. (A5) Any sets S 1 ; : : : ; S l 2 G [ R can intersect only along their boundaries. Furthemore, if p 2 G[R, then p can be of only one of the following four types (cf. Fig. 3 (A7) Each reset map R e extends to a mapR e dened on a neighborhood of G(e) (the closure of G(e)) in D i such thatR e is a piecewise smooth homeomorphism onto its image, which is a neighborhood of im R e in D j .
Observe that all the examples above satisfy the standing assumptions.
Given H, dene a map H : 0 ! D (where 0 R D will be specied later) as follows. Let p 2 D be arbitrary. Because of (A1), there exists a unique innite execution (p) = (; q; x) starting at p. For any 0 t < 1 ((p)) there exist a unique j 2 Q such that t 2 [ j ; 0 j 3 The hybrid manifold and hybrid ow
The basic idea for constructing the hybrid manifold from a hybrid system is simple: \glue" the closure of each guard to the image of the corresponding extended reset via the extended reset map. We make this more precise below and then show basic properties of the newly constructed object.
Let H be a hybrid system (satisfying (A1) -(A7) as usual). On D let be the equivalence relation generated by: p R e (p); for all e 2 E and p 2 G(e). Collapse Examples: It is not dicult to see that M WT is homeomorphic to R 2 (see Fig. 4 ). However, M WT has a singularity (or \corner") at 0 = (1; 0; 0), i.e. does not induce a smooth structure on M WT . Similarly, M BB is also homeomorphic to R 2 , but does not induce a smooth structure on it.
It can be shown that M BB(2) is smooth and dieomorphic to R 2 . However, its hybrid ow is not smooth. The hybrifold M S2() is homeomorphic to the 2-sphere but it is not equipped with a smooth structure by . We already observed that M T 2 () is the standard 2-torus and T 2 () is a smooth linear ow on it. If is rational, then every orbit is closed; if is irrational, then every orbit is dense in M T 2 () = T Remark. It needs to be pointed out that in dimensions greater than two a hybrid manifold can be a very complicated object. However, its advantage is that it enables us to study the dynamics of a hybrid system on a single phase space. 
The Zeno phenomenon
It has to be pointed out that Zeno executions do not arise in physical systems and are a consequence of modeling over-abstraction. Therefore, one wishes to avoid them. However, from a mathematical viewpoint, the Zeno phenomenon poses several interesting questions: for instance, what is its topological cause? Is there a checkable criterion which guarantees the non-occurence of Zeno? How should the original system be modied to remove Zeno executions? In this section we show that, in short, the topological cause of Zenoness is the lack of smoothness in the hybrid ow and that the Zeno phenomenon can be removed by smoothing out the hybrifold and the hybrid ow on it.
Since we would like to study the long term behavior of executions of hybrid systems, we dene the following notion (keeping the previously introduced notation).
Denition 4.1 A point y 2 M H is called an !-limit point of x 2 M H if H (t m ; x) ! y; as m ! 1, for some increasing sequence (t m ) such that t m ! 1 (x). The set of all !-limit points of x is called the !-limit set of x and is denoted by !(x).
By 1 (x) we denote the execution time of the unique execution of H starting from p, where x = (p).
In other words, !-limit points for x are accumulation points of the orbit of x. Suppose x 2 M H and denote by E 1 (x) the set of discrete transitions which occur innitely many times in the execution starting from x. If E 1 (x) is empty, then the orbit of x eventually ends up in a single domain D i (that is, its image under in the hybrifold) in which case !(x) (D i ): This means that every point y 2 !(x) is an accumulation point of the orbit of a single vector eld, namely X i . We will call such a point y, a pure !-limit point.
If E 1 (x) is nonempty, then every !-limit point for x is a result of both the continuous and discrete (i.e. hybrid) dynamics of H and will accordingly be called a hybrid !-limit point for x.
A special case of an !-limit point is a Zeno state:
Denition 4.2 A point z 2 M H is called a Zeno state for x if z 2 !(x) and 1 (x) < 1.
We will also refer to points in 
Note than in all the Zeno examples above none of the ows involved in creating the Zeno state has an equilibrium at the Zeno state. The following lemma shows that this is not a coincidence. The vector eld X has a spiral sink at the origin, and the time t map of its ow is the composition of the counterclockwise rotation by t (in radians) and contraction by e t . It can be shown that 0 is a Zeno state despite being an equilibrium for X. This shows the importance of geometry of domains and the non-zero angle assumption in (A2). In general it may not be easy to check whether, given H, the hybrifold M H is smooth. Even if it were, non-smoothness of the hybrid ow may cause Zeno (cf. BB (2)). However, the following result provides an easily veriable criterion for smoothness of H . Theorem 4.6 Suppose that M H is smooth and for every e = (i; j) 2 E, X i and X j areR e -related on G(e). That is, for every p 2 G(e): TR e (X i (p)) = X j (R e (p)): Then the hybrid ow is smooth.
The opposite statement also holds.
Examples Consider BB(2). Here we have: X 1 (x 1 ; x 2 ) = (x 2 ; g) T = X 2 ;R (i;j) (i; x 1 ; x 2 ) = (j; x 1 ; cx 2 ); where (i; j) = (1; 2) or (2; 1). Therefore, TR (1;2) (X 1 ) = (x 2 ; cg) T 6 = X 2 ; so the hybrid ow for BB (2) is not smooth, as we already observed.
It is not dicult to check that T 2 () satises the condition from the previous theorem, hence its ow is smooth, as has already been noted. Corollary 4.7 If H is a hybrid system satisfying the condition from Theorem (4.6), then H accepts no Zeno executions.
The previous results suggest that we can remove Zeno from a system in at least two ways which we describe briey: Separation of G from R: Whenever S 1 2 G and S 2 2 R intersect nontrivially and S 1 \S 2 contains no equilibria, we can use the ows of the corresponding vector elds in X to \ow them away" from each other. It can be shown that the so obtained topological manifold is the hybrifold of a new hybrid system which, according to Theorem 4.3, admits no Zeno behavior.
Another possible way of removing Zeno which we sketch here is by means of the hybrid suspension. [PdM] .) For instance, Figure 6 shows the suspended hybrid ow for the water tank. It is not dicult to prove the following Theorem 4.8 For every > 0 there are no Zeno executions in S H .
Note that hybrid syspension is similar to temporal regularization from [JLSM] .
Conjugacy of hybrid systems
In this section we discuss the following question: when are two hybrid systems qualitatively the same? For that purpose we borrow the notion of conjugacy from the theory of dynamical systems. Roughly speaking, two dynamical systems are conjugate if their phase portraits look qualitatively (or topologically) the same. Similarly, two hybrid systems are conjugate if the phase portraits of their hybrid ows look the same, i.e. are conjugate. We now make this more precise. Fig. 7 .
By smoothing we obtain that both ows are in fact topologically conjugate to a (smooth) spiral sink at the origin, e.g., the ow of the vector eld X(x; y) = ( x y; x y). Since conjugacy is an equivalence relation, we get that WT BB, as claimed. (A more explicit conjugacy can be constructed between WT and BB(2), regarding the domains as subsets of the complex plane and using the complex map z 7 ! z 2 .) We will soon see that in dimension two this picture is fairly typical. Ideally, one would like to be able to classify all hybrid systems up to topological conjugacy (smooth conjugacy being too strong a notion). Unfortunately, this attempt fails even for smooth dynamical systems on compact boundaryless manifolds of dimension greater than two, as can be seen in the standard dynamics literature (for instance, [PdM] Example (stable + stable = unstable). Let H be dened as follows (cf. [LLN] ): D 1 = f1g f(x; y) : xy 0g; D 2 = f2g f(x; y) : xy 0g; G(1; 2) = f1g f(x; y) : x = 0g; G(2; 1) = f2g f(x; y) : y = 0g; R (i;j) (i; x; y) = (j; x; y) with (i; j) = (1; 2) or (2; 1), X 1 (x; y) = ( x + 10y; 100x y) T ; X 2 (x; y) = ( x + 100y; 10x y) T : Then 0 is a spiral sink for both X 1 and X 2 , but all executions of H spiral away from the origin. Example (unstable + stable = stable). Dene a hybrid system by (domains are in polar coordinates) D 1 = f1gf(r; ) : r 0; g; D 2 = f2gf(r; ) : r 0; 0 or 2g; X 1 (x; y) = ( x; y) T ; X 2 (x; y) = ( x y; x y) T ; G(1; 2) = f1g f(x; bx) : x 0; b = tan g; G(2; 1) = f2g f(x; ax) : x 0; a = tan g; R (1;2) (1; x; y) = (2; x; y); R (2;1) (2; x; y) = (1; x; y): We take 0 < < < =2.
Then 0 is a saddle for X 1 and a spiral sink for X 2 but, for a suitable choice of parameters, every hybrid execution converges to 0, i.e. the origin is asymptotically stable. Example (unstable + unstable = stable). Let the domains, guards and resets be the same as in the previous example. Let X 1 (x; y) = ( x; y) T ; X 2 (x; y) = (x + y; x + y) T ; where ; > 0.
Then 0 is an unstable equilibrium for both X 1 and X 2 (a spiral source for X 1 , saddle for X 2 ), but for a suitable choice of a and b it is an asymptotically stable equilibrium for the hybrid dynamics.
These examples are captured by the following theorem (cf. Fig. 9 ). (For other types of hybrid Lyapunov stability theorems see [B] and [MH] Here Lip p j h j denotes the Lipschitz constant of h j at p j . (Recall that for a map f : (A; d A ) ! (B; d B ) between metric spaces, Lip p (f) = sup q2A fpg d B (f(q); f(p))=d A (q; p).) It can be shown that, under the assumptions of the theorem, h j is always Lipschitz in a neighborhood of p j , for all j.
